Binding energy curves have been calculated for the ground-state rare-gas diatomics Ne 2 and Ar 2 and for the alkaline-earth diatomic Be 2 using the nonempirical density functionals from the first three rungs of a ladder of approximations: the local spin density (LSD) approximation, the Perdew-Burke-Ernzerhof (PBE) generalized gradient approximation (GGA), and the Tao-Perdew-Staroverov-Scuseria (TPSS) meta-GGA. Binding energy curves in reasonable agreement with those constructed from experiment are found from PBE and TPSS, which incorporate inhomogeneity corrections that satisfy the Lieb-Oxford bound and so describe the short-range part of the van der Waals interaction. At large internuclear separation, these functionals produce an exponentially decaying attraction in place of the correct long-range -C 6 /R 6 . Basis-set and exchange-only effects are also discussed.
Introduction and Conclusions
In this work, we aim to determine how well the binding energy curves of van der Waals-bound diatomics can be predicted from a ladder of nonempirical functionals of increasing sophistication: local spin density approximation, generalized gradient approximation (GGA), and meta-GGA. Empirical functionals can be fitted to the equilibrium properties of raregas dimers, while nonempirical ones can predict such properties from exact constraints. Such functionals are capable of describing the short-range part of the van der Waals interaction, which arises from nonbonded density overlap, but not the long-range part that acts between nonoverlapped densities. We expect that still higher rungs of this ladder can continue to be constructed from lower ones and that ultimately the long-range part of the van der Waals interaction, responsible for important effects in biological molecules and in soft condensed matter, can be grafted onto the nonempirical meta-GGA or its successor.
The binding energy curves of rare-gas diatomics provide a useful first level test for the accuracy of a method in describing van der Waals (vdW) (dispersive) attraction, because the exact curves encompass and link both short-and long-range effects. Dispersion is one of the important intermolecular interactions of organic molecules too. For example, it is responsible for the heats of sublimation of hydrocarbon molecules, and it is important for crystal packing of organic molecules, for hostguest systems, for orientation of molecules on surfaces, for the stacking of nucleic acids in DNA, and for solvent properties of polar and apolar compounds. Unfortunately, accurate calculation of the dispersion interaction is a difficult task, and good results for rare-gas diatomics do not guarantee good results for the intermolecular interactions of organic molecules (vide infra). Consequently empirical fitting of density functionals to describe weak interactions in rare-gas diatomics does not necessarily lead to improved results for other molecules. It is known that the Hartree-Fock (HF) method cannot evaluate dispersion interaction, as it is a pure electron correlation effect. High-level, expensive treatment of electron correlation, typically CCSD-(T), and large basis sets, typically aug-cc-pVQZ, are required to evaluate the dispersion interaction accurately. These calculations require expensive computational resources even for relatively small molecules and can be applied only to benchmark studies of small systems.
Generalized gradient approximation (GGA) and meta-GGA density functional theories (DFT) are considerably less demanding of computational resources than the CCSD(T) methods. Such functionals can at best provide an estimate of the bonding between weakly overlapped densities but can never describe the -C 6 /R 6 interaction of nonoverlapped atoms or the related long-range interactions of other nonoverlapped densities, for which fully nonlocal functionals 1 or generalizations of the random phase approximation 2 are more promising. It has been shown that some GGA density functionals can describe the short-range part of the interaction for rare-gas diatomics, [3] [4] [5] as can hybrid functionals. 6, 7 However, the BLYP and B3LYP functionals fail to bind the rare-gas diatomics, as demonstrated in refs 4, 5, 8 and 9. In recent work, 10 the capability of the nonempirical TPSS meta-GGA 11 and of the hybrid TPSSh 12 density functionals to predict bond lengths, binding energies, and harmonic vibrational frequencies was tested for the 10 raregas diatomics with Z e 36. It was shown that both TPSS and TPSSh density functionals produce vdW bonds in rare-gas diatomics and effectively correct the serious overbinding tendency of LSD. 9,10 Ref 10 also observed that the overcorrection of LSD by the TPSS meta-GGA, resulting in too long bond lengths and too small binding energies, suggests the need for some long-range (1/R 6 ) vdW interaction correction.
In the construction of the TPSS 11 and PKZB meta-GGAs, 13 the large-gradient behavior of the nonempirical PBE 14 was preserved (but more completely in TPSS than in PKZB), since there was no reason to change it and since this choice might preserve the good PBE description of weak (vdW and hydrogen) interactions. However, ref 10 observed that TPSS produces a slightly weaker vdW binding than PBE GGA, despite the same large-gradient behavior. It has been observed that PKZB gives a very poor description of hydrogen bonds, 15 while TPSS yields a considerably better description of hydrogen bonds. 12 These results show that the large-gradient behavior of the exchange part of a GGA does not alone determine whether weak bonds with density overlap will be described reliably. This observation refines the suggestion of Zhang et al. 4 There are now many confirming tests [10] [11] [12] [16] [17] [18] [19] [20] of the PBE GGA and the TPSS meta-GGA, but there have been few if any such tests for molecular binding energy curves. Calculations of bond length, binding energy, and vibrational frequency test the quality of the energy surface at and near the equilibrium geometry but do not necessarily test its quality under finite expansions and compressions of the bond lengths. We have provided such tests for shared electron bonds 21 (paper I), and we provide similar tests here for the van der Waals bonds of Ne 2 , Ar 2 , and Be 2 . We also carry out a basis-set study for the rare-gas diatomics, to show the basis-set effects, and we suggest an optimal basis set for weak-interaction calculations with DFT functionals.
In summary, we have here computed binding energy curves for Ne 2 , Ar 2 , and Be 2 with several nonempirical density functionals, including the new TPSS meta-GGA. The conclusions of this and earlier work may be summarized as follows:
(1) Small basis sets without diffuse functions can produce severe overbinding of weakly bound systems, 22, 23 but the addition of diffuse basis functions fixes much of this error. For converged weak-interaction energies considerably larger basis sets (e.g., aug-cc-pVTZ or QZ) are required for GGA or meta-GGA than for strong covalent bonds. Even these large basis sets give poor binding energy curves without diffuse functions.
(2) The vdW bond of a diatomic system can be dominated by the short-range part of the vdW interaction and is thus amenable to description by a GGA or meta-GGA. This is so not only for the rare-gas diatomics 3,4,10 and Be 2 24 but also for the triplet excited state of H 2 21 and for Mg 2 , 25,26 Ca 2 , Mn 2 , and Zn 2 . 20 But the vdW interaction between layers of atoms, which can include a significant long-range part, can be seriously underestimated by a GGA or meta-GGA. 1, 2, [27] [28] [29] An example is the benzene dimer, which in its sandwich and T-shaped configurations is van der Waals-bound in a CCSD(T) calculation. 30 In a PBE GGA calculation, we have found that it is essentially unbound even with a counterpoise correction. 31 These results show that a model performing well on the rare-gas diatomics does not necessarily perform well for larger stacking complexes. The important consequence of this is that inclusion of rare-gas diatomics into the DFT training set for empirically fitted density functionals does not guarantee an improvement for larger stacking complexes of chemical or biological interest. The good results for rare-gas diatomics are necessary but not sufficient.
(3) While some empirical GGAs such as BLYP fail to bind the rare-gas diatomics, 4,5,9 the nonempirical PBE GGA and TPSS meta-GGA describe the short-range part of the vdW interaction sufficiently well to bind them. 3, 4, 10 This is largely a consequence of the large-gradient behavior 4 of the nonempirical functionals, which is chosen to ensure satisfaction of the Lieb-Oxford lower bound on the exchange-correlation energy for all possible electron densities. 11, 14 While the predicted bond lengths and dissociation energies are reasonable estimates, the trend of the experimental dissociation energies (which increase strongly with the nuclear charge Z) is not reproduced by PBE or TPSS. 10 (4) Nonempirical GGAs and meta-GGAs tend to overbind those van der Waals-bound diatomics that have valence s electrons (like He 2 and Be 2 ) and to underbind those that have valence p electrons (like Ne 2 and Ar 2 ). At the exchange-only level, the B88 GGA 32 binds Be 2 but not the rare-gas diatomics.
(5) GGAs and meta-GGAs fail to reproduce the long-range part of the vdW interaction, which tends to -C 6 /R 6 as R f ∞. Unsurprisingly, these approximations produce an attraction that decays exponentially (like the density overlap) when R f ∞. As expected from their similar large-gradient behaviors, PBE GGA and TPSS meta-GGA are closely similar at large R. The local spin density approximation (SVWN5) strongly overbinds the rare-gas diatomics, while the GGAs and meta-GGAs can over-or underbind.
(6) While it is proper for GGAs and meta-GGAs to describe the short-range part of the vdW interaction, a consistent description of the vdW attraction requires a different treatment of the long-range part. 33-36 (7) The TPSS binding energy curves in Ne 2 and Ar 2 are somewhat too repulsive at small internuclear distance R, and this accounts for the tendency of TPSS to bind less strongly than PBE. This could be favorable for the addition of a damped attractive long-range correction. [33] [34] [35] However, the TPSS overbinding in Be 2 is not favorable for such a correction.
(8) At the exchange-only (no correlation) level, exact exchange does not bind Ne 2 and Ar 2 but exchange-only PBE or TPSS does bind them. Although some have found this disturbing (e.g., ref 37), it is not so different from the situation for covalent bonds: the GGAs and meta-GGAs model exchange and correlation together much better than they model either alone. This is a consequence of the fact that the exact exchangecorrelation hole is more short-ranged than the exact exchange hole in a molecule. The description of the exchange energy clearly improves up the nonempirical ladder from LSD to PBE to TPSS.
Methods
We performed calculations with the LSD or Slater, B88, 32 PW91, 38 PBE, 14 and TPSS 11 DFT functionals and the CCSD-(T) method with a series of increasing-quality basis sets, from 6-31G(d) to aug-cc-pVQZ. 39 For the calculations we used the Gaussian 03 program package. 40 For the atoms we used tight convergence criteria (scf ) tight). The binding energy curves were calculated with ultrafine integration grid sizes (99 radial, 590 angular points). With this grid, some functionals predicted binding energy curves with many small oscillations. To decrease the numerical noise and obtain a smooth binding energy curve at larger internuclear distances, grids containing up to 250 radial and 590 angular points were used [integral(grid ) 250 590)].
We compared the experimental binding energy curves obtained by Ogilvie and Wang 41 to those proposed by Aziz et al. 42, 43 For Ne 2 , the difference is less than 0.0004 kcal/mol for 2.0 Å < R < 6.5 Å, but it grows to 0.002 kcal/mol at R ) 9 Å. For Ar 2 , the difference is less than 0.001 kcal/mol for 3.5 Å < R < 6.0 Å, but it grows to 0.1 kcal/mol at R ) 8 Å and continues to grow to infinity at larger R, since only the analytic form of Aziz et al. properly tends to zero as R tends to ∞. Thus we shall take the binding energy curves of Aziz et al. as our standard for the rare-gas diatomics.
Results and Discussion

3.a. Basis-Set Effects for Weakly Bound Systems.
The energy of the vdW interaction is very small compared with the energies of normally bonded molecules or hydrogen-bonded complexes, so the effect of the basis-set error can be relatively large and may affect the conclusions drawn from calculated results. An earlier study 22 applied a moderate 6-31G(d,p) basis set to test 25 density functionals on dispersion-bound dimers including species such as Ar 2 and Ne 2 . The results of that study differ considerably from other results obtained in ref 10 and also from those obtained with larger basis sets. 23 The PBE interatomic interaction potential of the neon dimer was calculated using basis sets of increasing quality from 6-31G-(d) to aug-cc-pVQZ and compared to experiment, 42 as shown in Figure 1 . The limitations of the 6-31G(d) basis set have a considerable effect on the curve, making it too attractive and yielding a deep minimum at an artificially short distance, 2.52 Å (with D e about 0.7 kcal/mol 22 ). However, the PBE/aug-cc-pVQZ potential curve has its minimum at 3.10 Å. The calculated D e is 0.121 kcal/mol 10 (cf., Figure 2) . These values are close to experimental values (3.091 Å and 0.084 kcal/mol 41 ). Figure 1 also shows that adding a diffuse function to the 6-31G or 6-311G basis set yields a very much improved potential energy curve at a small computational cost. The effect of the diffuse functions is large for the least expensive 6-31G(d) basis set and small for the very expensive (already diffuse) cc-pVQZ basis set. We note that diffuse functions added to small basis sets are necessary for the large-gradient part of the functional. The performance of the 6-31+G(d) and 6-311+G(d) basis sets makes it possible to use these basis sets for weak-interaction calculations 44 as quite economic alternatives to the aug-cc-pVQZ basis set. Further basis-set study shows that adding more d and f functions to the 6-31G(d) basis set has a minor effect on the Ne-Ne distance, in agreement with ref 23 . For a proper calculation of R e , small basis sets must be augmented by diffuse functions.
It seems to be a general feature of weak bonds that small basis sets overbind in comparison to the basis-set limit. (Be 2 of section 3.e. is, however, an exception.) We have observed the same effect in PBE calculations for two different configurations of the water dimer, using the small 6-31+G(d) and the large aug-cc-PVQZ basis sets. For these hydrogen-bonded systems, PBE in the large basis set yields excellent results, and TPSS binds a little less strongly than PBE.
3.b. Neon Dimer, with and without Correlation. Figure 2 shows the TPSS, PBE, SVWN5/aug-cc-pVQZ, and experimental binding energy curves for the neon dimer. We also calculated a CCSD(T) curve with this basis set. We approximated the integrated difference between the experimental 42 and calculated curves by the sum of the absolute values of E(experiment, R i ) -E(calculated, R i ), where R i is the ith distance in Figure 2 . For the repulsive range, 2.5 Å < R(Ne-Ne) < 3.1 Å, these sums are 0.015, 0.041, and 0.185 kcal/mol for the CCSD(T), PBE, and TPSS models, respectively; the TPSS/aug-cc-PVQZ curve is too repulsive below the equilibrium internuclear distance (3.27 Å). For the attractive range, 3.2 Å < R(Ne-Ne) < 3.8 Å, these sums are 0.019, 0.023, and 0.005 kcal/mol for the CCSD(T), PBE, and TPSS models, respectively. For the distant range, 4.0 Å < R(Ne-Ne) < 4.6 Å, these sums are 0.008, 0.003, and 0.005 kcal/mol for the CCSD(T), PBE, and TPSS models, respectively.
In an earlier paper, 10 it was observed that PBE yields a more accurate prediction of bond lengths for the rare-gas diatomics than the TPSS functional does. The latter yields systematically longer bond lengths and smaller binding energies. 10 The TPSS/ aug-cc-PVQZ potential energy curve of Figure 2 explains this by the larger repulsion below the equilibrium internuclear distance. However, it also shows that the attractive and longrange parts of the TPSS curve are better than those of the CCSD-(T) or PBE curves for the neon dimer. This is a feature that cannot be observed from the equilibrium distance or the binding energy alone.
We plot the exchange-only binding energy curves for Ne 2 in Figure 3 . We compare the repulsive exact exchange (HF) to Note that TPSS is more repulsive at small R than PBE is. Slater (S), PBE, and TPSS exchange-only functionals, using the aug-cc-pVQZ basis set. We also included two popular exchange functionals, the B88 32 and the PW91. 38 The B88 exchange is far more repulsive than the HF and fails to bind Ne-Ne no matter what kind of correlation functional is used, if the applied basis set is close to the basis-set limit. 9, 22, 45 B88 is not a good imitator of HF or exact exchange, even though both are purely repulsive for the rare-gas diatomics. A fairly good imitator of HF exchange in vdW bonds seems to be revPBE. 1 Figure 3 shows the serious overbinding of the S exchange and its too short R e (Ne-Ne) 9 (cf., the known overestimation of the hydrogen-bond energy by LSDA). The PBE exchange improves considerably over the S exchange, but it remains slightly binding. Figure 3 shows that the PBE and TPSS exchange curves cross the HF curve at R(Ne-Ne) ≈ 2.7 and 3.0 Å, respectively. The binding of the PBE exchange is further reduced by the TPSS exchange.
PBE and TPSS work as well as they do near R e because of a cancellation of error between exchange and correlation, which is also familiar for the atomization energies of covalent molecules 17, 18 and the surface energies of metals. 19 The systematic improvement up the DFT ladder has been clearly demonstrated for the exchange functionals.
3.c. Argon Dimer. The interatomic interaction potential of the argon dimer was calculated using the aug-cc-pVTZ basis set and compared to experiment, 43 as shown in Figure 4 . The curves show the same tendency observed for the neon dimer in Figure 2 . The overbinding of the SWVN5 curve is corrected by the PBE and overcorrected by the TPSS functional (D e ) 0.773, 0.151, and 0.072 kcal/mol, respectively, vs the experimental 0.285 kcal/mol 41 ). The R e and D e that we find for Ne 2 and Ar 2 in PBE and TPSS using aug-cc-pVQZ are in good agreement with those of Tao and Perdew, 10 using the same basis set with or without BSSE correction. The hybrid functionals are slightly less binding. Mixing 25% of the exact exchange decreases the PBE binding energy by 30%, and mixing 10% of the exact exchange decreases the TPSS binding energy by 11%.
The aug-cc-pVQZ curves (cf., ref 5) and the 6-31+G(d) curves are similar to the aug-cc-pVTZ curves. Summarizing the results obtained for helium (not shown), neon, and argon diatomics: the PBE and TPSS functionals yield a weak binding for raregas diatomics, but they do not follow the increasing experimental binding trend for the helium, neon, and argon dimer series.
The PW91, 38 PBEh, 46, 47 and TPSSh/aug-cc-pVQZ curves for Ar 2 are shown in Figure 5. Figures 4 and 5 show the range of predictions possible from semilocal functionals constructed only from exact constraints. PBE and PW91 are almost identical for reduced gradients s < 3, and thus for almost any calculated property. However, they differ strongly for s > 3 (a region for . As discussed in section 3.c., aug-cc-pVQZ curves are very similar to these. Note that TPSS is more repulsive at small R than PBE is. which semilocal functionals cannot be reliable), and this difference is significant on the scale of the rare-gas binding curves. It makes the PW91 curve much deeper than the PBE curve in the large-R range of Figures 4 and 5. 3.d. Exponential Decay of Approximate Binding Curves at Long Range. Figures 6 and 7 show the long-range behavior of the GGA and meta-GGA potential energy curves for Ne 2 and Ar 2 , respectively. To obtain correct smooth curves, we had to increase the integration grid size to 250 radial and 590 angular points. We also show the experimental curves with their -C 6 / R 6 term, as the latter is dominant for the long-range interaction. For Ne 2 the HFD-B 42 and for Ar 2 the HDDID1 potential 43 were used.
The logarithms of the PBE and TPSS/aug-cc-PVQZ potential energy curves for Ne 2 are shown in Figure 8 . The electron density of a free atom decays as exp(-2Rr) as r f ∞, where R ) -2 HOAO and HOAO is the eigenvalue of the highest occupied atomic orbital. The bond center is at a distance r ) R(Ne-Ne)/2 from each nucleus, so its density F decays as exp(-RR(Ne-Ne)). Now
The PBE and TPSS/aug-CC-pVQZ calculations make HOAO equal to -0.49068 and -0.49640 hartree, respectively. These values yield -1.32 and -1.33 hartree, respectively, for the righthand-side of eq 1. These values are similar to the derivatives of shown in Figure 8 , -1.19 and -1.24 hartree for PBE and TPSS, respectively. Thus the -∆E from Figures 6 and 7 are exponentials with about the same exponent as the asymptotic F 4/3 .
Because the exact exchange-correlation hole in a molecule is more localized than the exact exchange hole, GGA and meta-GGA are better suited to the description of exchange and correlation together than to the description of either separately. Nevertheless, it is of interest to understand how exact exchange and correlation (or dispersion) contribute separately to the vdW bond. A hint can be found in the work of Tang and Toennies, 48 who make an analytic model of the binding energy curve of a rare-gas dimer in which the repulsive term ∼exp(-bR) is Hartree-Fock-like and the attractive or dispersion part is -(C 6 / R 6 )f 6 (R) -(C 8 /R 8 )f 8 (R) -(C 10 /R 10 )f 10 (R). The dispersion coefficients C 6 , C 8 , and C 10 are experimental or theoretically predicted. Figure 9 shows a decomposition of their model for Ne 2 in the range 2.7 Å < R < 7 Å, in which the damping functions f n (R) remain close to 1, especially for n ) 6 and 8. This figure shows that the -C 8 /R 8 and -C 10 /R 10 contributions are fairly important around the equilibrium bond length.
3.e. Beryllium Dimer, with and without Correlation. Finally, we turn to Be 2 , a van der Waals-bound diatomic from the alkaline-earth group. Although formally van der Waalsbound, Be 2 displays much more density overlap than the raregas dimers do. For quantum chemical wave function methods, 
this is a very challenging system. 49 Comparison of full CI and CCSD curves shows that the CCSD method poorly describes the electron correlation at equilibrium, and very expensive connected quadruple excitations 50 (e.g., CCSDTQ method) and a large basis set 49, 50 or multireference CC methods (e.g., MR-AQCC-mc) 49 are required for the accurate description of this bond. A full CI calculation yields a binding energy curve with two minima, one of them very shallow. 51 Figure 10 shows the PBE and TPSS binding energy curves for Be 2 , calculated with the 6-311G(d) basis set; the larger 6-311+G(d) or aug-cc-PVTZ basis sets give a very similar curve, yielding a slightly stronger binding (by 0.4-0.5 kcal/ mol depending on the functional). The experimental equilibrium bond length 52 R e ) 2.45 Å is faithfully reproduced by both functionals, although the experimental dissociation energy D e ) 2.4 kcal/mol 53 is overestimated by a factor of 4 (PBE) or 3 (TPSS). We note that these or similar functionals tend to overestimate the atomization energy when the valence electrons are s electrons, as in He 2 , 10 Be 2 , 24 Mg 2 , 25,26 Ca 2 , 20 and Zn 2 , 20 and to underestimate the atomization energy when the valence electrons are p electrons, as in Ne 2 , Ar 2 , and Kr 2 . 10 Figure 11 shows exchange-only binding curves for Be 2 . Note that here, as for the rare-gas diatomics, exact exchange-only is purely repulsive, but now (unlike the rare-gas case) B88 exchange-only is attractive although it shows a spurious repulsive tail above 3.5 Å. (refs 52 and 53). The relatively small 6-311G(d) basis set is adequate for DFT calculations of Be 2, as discussed in section 3.e. Note that TPSS is more repulsive than PBE at small R. Figure 11 . Exchange-only binding energy curves for Be2, using the 6-311G(d) basis set. Note that TPSSx is closer to HF than PBEx is. Note further that B88 binds here (but not in Figure 3 ) and that it has a spurious maximum at large R. The experimental binding energy is 2.4 kcal/mol (ref 53).
